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The braid groups, knots and algebraic geometry 
Braid groups were introduced into the mathematical literature by E. Artin in 1925 
[2]. In the years since then they have proved to be a fundamental mathematical object 
which arises in many different areas of mathematics. Thus, when we were faced with the 
challenge of finding common areas of interest for American and Israeli mathematicians, 
in preparing for a joint meeting between the American Mathematical Society and the 
Israel Mathematical Union, it seemed natural to turn to the topic "Braids". A "Special 
Session" was accordingly arranged at the AMS-IMU meeting, which took place in May 
1995 in Jerusalem, Israel. This volume is an outgrowth of that session. It contains 4 
contributions which are related to papers given at the session, and 6 others which were 
submitted later, all related via the underlying mathematical theme of braids, as they 
occur in the study of knots and in algebraic geometry. However, we make no attempt to 
present a coherent review of recent developments in these two areas. Rather, we present 
a collection of papers, all on recent research and having a common theme to tie them 
together. 
Intuitively, a braid is the following geometric object: take two bars (a top one and a 
bottom one), each with n hooks attached, equally spaced along the bars. Join the top bar 
to the bottom bar by n strings, inducing a permutation of the hooks and allowing the 
strings to interweave with one-another as they proceed from the top bar to the bottom 
bar without backtracking. Braids are composed by placing one braid under the other, 
deleting the middle bar and rescaling. Introducing allowable deformations of braids, this 
composition determines a group structure. The group is the classical braid group B~. 
More precisely, let X,,, be the quotient space of C'~\diagonal, r~= 1,2, . . . ,  under the 
natural action of the symmetric group (permuting coordinates). The braid group B,,. is 
7l" 1 ~.  
Artin introduced his group with the idea that braids might be useful in the study of 
knots and links. If one identifies the top and bottom of each braid string one obtains a 
closed one-manifold which inherits (from the way that the braid is embedded in R 3) a 
natural embedding in R 3. It was proved by Alexander [1] that every knot or link may 
be represented asa "closed braid". Define two braids to be equivalent if their associated 
closed braids define the same oriented knot or link. It was discovered by Markov in 1935 
[14] that this equivalence r lation is generated by conjugacy and by moves which increase 
and decrease the braid index in a canonical way. Thus each "Markov equivalence class" in 
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the disjoint union of the braid groups B1, t32, 133,. • - is the union of a special collection 
of conjugacy classes in the individual braid groups. At this writing, the consequences of
Markov's simple moves are still not well-understood. 
The importance of the conjugacy problem in the braid groups for the study of knots 
and links was clarified by Markov's theorem. A major step in the application of braid 
theory to the study of knots and links therefore occurred in 1969, when Garside succeeded 
in solving the conjugacy problem in the braid group (see [9]). The universality of his 
solution was soon revealed, when it was generalized by Brieskorn and Saito [6], revealing 
important connections between braids and algebraic geometry. In 1984 a new polynomial 
invariant of knots and links was discovered by V. Jones [ 11], via a class function on 
the braid groups which turned out (by a mathematical miracle) to be invariant under 
the Markov moves. In 1991 Vassiliev (see Chapter 5 of [19]) introduced yet another 
numerical invariant of knots and links, which was soon seen to be closely related to the 
Jones polynomial and its generalizations. For a review of this aspect of the subject, up 
to 1993, see [3]. 
The papers on knot theory in this volume are all directly related to the above circle 
of ideas: the paper of Lambropoulou and Rourke generalizes Markov's theorem to knots 
and links in arbitrary closed, orientable 3-manifolds. The paper of Westbury concerns 
representations of the braid group algebra which are similar to those studied by Jones; 
the paper of Kang, Ko and Lee concerns the conjugacy problem in the 4-string braid 
group, and the paper of Ko and Lee gives an application to the determination of the 
genus of certain links which are closed 4-braids. Kohno's paper concerns Vassiliev in- 
variants. 
The role of the braid group in algebraic geometry began with the work of Enriques, 
Zariski and van Kampen in the 1930s (see [ 18,20]), and was revived by Moishezon in the 
1970s (see, e.g., [15]). The main connection of the braid group techniques to algebraic 
geometry and 4-manifolds is via fundamental groups. Lately, there has been growing 
interest in fundamental groups in geometry. A very partial list of references includes 
[5,7,8,12,13,16,17]. The braid group appears in the presentation of fundamental groups 
and as an essential step (van Kampen method) of the algorithm for computing them. 
In the 1930s Zariski used braid monodromy to study algebraic urves in general and 
the topology of complements of curves in particular. Moishezon concentrated on branch 
curves of generic projections of surfaces. Manfredini computed (see this volume) the 
fundamental group of a moduli of generic polynomials in 1 complex variable and proved 
it to be a subgroup of the braid group. Moreover, he found a finite presentation for this 
subgroup. 
Concerning algebraic surfaces, the ultimate goals of the braid group techniques are 
finding new invariants distinguishing connected components of the moduli space of sur- 
faces. It is expected that the connected components of moduli spaces of algebraic surfaces 
(of general type) correspond to the principal diffeomorphism classes of corresponding 
topological 4-manifolds. It is possible that Donaldson's polynomial invariants will distin- 
guish these connected components. The braid group approach is a more direct geometrical 
approach. This approach involves computing different fundamental groups related to the 
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surface, groups which do not change when one moves in a connected component of the 
moduli space (see Robb and Teicher in this volume). These techniques were also used 
in [10]. The first groups which were computed are 
C=~,(C s-s) and G 'rr,(C~ 2-S) 
where 5' is the branch curve of a generic projection X -+ CI? 2. 
We recall that computing the fundamental group of the complement of a plane curve 
suffices for an understanding of the topology of a complement in ~N of any algebraic 
subset (as proven by Zariski). In fact, for a generic ]?2 in ]pl,:: 
- v )  v) .  
In the "old" examples we have G D F2 where F2 is a free noncommutative subgroup 
with 2 elements (a group G is called "big" if G D F2). Since 1991 new examples 
were discovered. Unlike previous expectations, in all the new example G is "almost 
solvable". Moreover, there exists a new quotient of the braid group (by a subgroup of the 
commutant), namely/}~ such that in all the new results G is a/3,-group and G = G/ 
central element (B,~-group is a group on which/3,, act. /~,, is precisely the quotient of 
B,~ by commutators of transversal half twists). See Teicher's paper in this volume for a 
description of its structure. 
Another connection between the braid group and algebraic geometry is via the coho- 
mology of the braid groups. See Chapter 1 of [19] for a discussion of this topic. Indeed, 
the techniques which were used to compute the Vassiliev knot invariants which we men- 
tioned earlier rested on experience gained in related calculations of the cohomology of 
the braid groups. In this volume the paper of De Concini, Salvetti and Stumbo gives a 
calculation of the top cohomology of the braid group, using twisted coefficients. Recall 
that the braid groups also appear as the fundamental groups of complement of the dis- 
criminant of semi-universal deformations of isolated singularities (see [4,6]). Computing 
the top cohomology is equivalent to computing the Alexander invariant of the associated 
discriminant. These computations can also be used to calculate the topological category 
of the configuration spaces, which for B,~ is shown to be exactly n. 
From all of these examples we can see that braids are fundamental mathematical ob- 
jects which m'e present in diverse and often nonobvious ways in both classical knot 
theory and its natural generalization, the study of the complement of an algebraic vari- 
ety. 
In closing, we take this opportunity to thank everyone who contributed to the success 
of the volume. We thank the American Mathematical Society and the Israel Mathematical 
Union for supporting the conference. 
Joan S. Birman 
Mina Teicher 
Guest Editors 
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